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I. Introduction  
 Position dependent mass (PDM) has drawn considerable attention due to their 
applications in semiconductor physics [1-4], quantum dots [5], quantum liquids [6], 
nonlinear oscillators [7-9] etc. However, one needs to take proper care in defining the 
kinetic energy operator in PDM due to noncommutivity of momentum and position 
and the same can be avoided if one chooses suitable combination of position and 
momentum at classical level [3]. The authors [3] suggested the PDM is of the form   
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The PDM stated above is of asymmetric in nature. In fact, it has been seen that mass 
is the asymmetric function of position ( x ) in semiconductor physics. If a  andb  are 
negative then the )(xm (Eq. (1)) will be 0 at large value of x . In other words a 
massive particle undergoes a drastic change and becomes a photon, which can hardly 
interact with any matter. Secondly, if the mass behaves as   
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Then at large distance mass becomes infinite. If the mass becomes large while moving 
with distance then it becomes meaningless to discuss physics behind an infinite mass. 
In order to avoid this ambiguity, we choose the PDM is of the form 
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where the parameter is of weak in nature. The purpose of considering this mass is 
that asymmetry in variation of mass and is confined within two finite limits such as (i) 
2
m
and (ii) m  (Fig. 1). Hence considering the above facts, we confined our focus on 
finite mass. Now we feel to introduce this simple asymmetry mass in Harmonic 
oscillator and study the system both classically and quantum mechanically.  
 
3 
 
 
Fig. 1: The variation of the mass (Eq. (1)) with position (x) with 1m . 
 
II. Classical Analysis 
The Hamiltonian of the oscillator considered here is  
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The Lagrangian is related to the Hamiltonian as: 
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In our case we have just one generalized coordinate ( )x , and one generalized 
momenta ( )xp . Therefore we have 
                                LxpH x   ;                                                                                                       
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On solving Eq. (6), one can find the expression of Lagrangian (L ) as 
                               
2
2
2
)(
)(2
x
xm
xm
p
xpL xx   .                                                  (7)     
4 
 
Using 
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Our next step is deriving the equation of motion (i.e, known as: Euler Lagrange 
Equation). Substituting Eq. (8) into the following relation 
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Substituting the expression of mass (Eq. (1)) into Eq. (9), we get the following 
equation of motion, which in a simplified form can be written as  
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In order to solve the above equation, we follow the He’s frequency formulation on 
ancient Chinese method [10-12] to get the frequency of oscillation using the following 
condition:  
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In the above formalism, the boundary condition for the solution )(tx  will be 
1)0( tx and 0)0( tx . We therefore considered 
                               tAtx cos)(                                                                  (12) 
and following the He’s formalism [10-12] as stated above, we get the frequency of 
oscillation as 
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The variation of ( )x t vs time ( t ), ( )p t  vs t  and trajectory of phase space ( p vs x ) 
are shown in Figure 2, 3 and 4 respectively. In classical analysis of phase space, we 
notice the clear asymmetry behaviour. 
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Fig. 2: Variation of ( )x t with time ( t ) for different amplitude. 
 
Fig. 3: Variation of ( )p t  with time ( t )for different amplitude. 
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Fig. 4: Trajectory of classical phase space.  
  
III. Quantum Mechanical Analysis  
 Now we analyze the above problem quantum mechanically. In quantum 
analysis, we solve the eigenvalue relation [13-15] as  
                                     n     .                                                              (14) 
Where 
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and n satisfies the eigenvalue relation for position independent harmonic oscillator 
as 
                nnn nxpH  )12(220   .                                            (16) 
Using the above formalism [13-15], we get the recurrence relation as 
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The eigenvalues of the Harmonic oscillator Hamiltonian (Eq. (4)) with position 
dependent mass (Eq. (1)) are obtained following above mentioned procedure for 
1.0  and 1m  (Table 1). In this case, we also plot quantum mechanical phase 
space (Fig. 5) considering HE  of respective states. Comparing the trajectory of 
quantum phase space (Fig. 5) with that of classical phase space (Fig. 4), we noticed a 
great similarity between classical and quantum. 
 
 
 
Fig. 4: Trajectory of quantum phase space.  
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Table 1: Eigenvalues of Asymmetry mass Harmonic oscillator.  
 
Quantum number (n) Computed Eigenvalues 
0    0.5 
1 1.2789 
2 2.2610 
3 3.3735 
4 4.5412 
 
 
IV. Conclusion 
We discuss about the finite mass variation under asymmetric condition. 
Interested reader will see that mass of the system varied asymmetrically between two 
finite values. Further, classical phase space nature remains practically the same as 
quantum phase space. We believe that apart from theoretical analysis, the present 
model could be suitable for semiconductor physics where asymmetry is an important 
factor. 
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